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We have developed a robust and efficient ultrasound liquid sprayer working at forty kilohertz. In
the course of realizing the project of finding new ways in tobacco aromatization processes we met
the problem of (approximate) analytical expressions of probability density functions for droplet sizes
in various aerosols. This paper reports at what results we have arrived in that realm. Corresponding
graphics of propability functions are presented.
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1. Introduction

In a recent paper [1] we have reported on the con-
struction and functioning of an ultrasonically driven
water atomizer. Its central part is the piezoceramics-
based transducer resonating at the frequency f =
40 kHz as the output organ of an electrical oscilla-
tor realized by means of two S 2530 H (silicon epi-
taxial planar power) transistors connected according
to a standard push-pull scheme. We have proved that
the apparatus can work as a robust and continuous
producer of fine aerosol with a remarkable efficiency.
In a number of conference papers [2] we have pre-
sented several aspects of various physical characteri-
zations of water droplets constituting aerosol clouds.
In another paper [3] we have summarized our experi-
mental results on the most frequent droplet diameters;
the measurements were based on microscopic obser-
vations followed by a CCD camera digitalizing proce-
dure and PC image processing. We have also under-
taken other independent measurements which include
laser light diffraction on mists of aerosols. Our his-
tograms, which present the percentage of droplets in a
given interval of droplet sizes, follow the ones revealed
by W. D. Drews ([4], for a frequency nearly three times
ours). This is not a surprise – spraying of liquids is
‘a robust phenomenon’ observed in various fluids with
over a two decade range in frequency [5].

The envelope of the distribution shows a maximum
centered at D (the most probable diameter). The hy-
pothesis which states that droplets are created from
the surface of water via capillary waves (having wave-
length λk at frequency f ) is now the well-established
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theory. According to this idea, one could expect a de-
pendence of the form D = C−1λk( f ), when the esti-
mation of C could only experimentally be done. Origi-
nally, Pohlmann and Stamm [6] reasonably argued that
C = 4, and later W. D. Drews confirmed that this is an
acceptable coefficient of proportionality. Some more
sophisticated approaches may require the constant of
proportionality to be in the interval 3 < C < 4, but this
question is not crucial for our arguments in this paper
and will be avoided here.

Our leading idea in the whole project was to de-
velop a new, more prosperous method of aromatization
in tobacco industry. In our first investigations we have
tried to secure the reproducibility of the process; it was
desirable to find an (at least approximate) analytical
expression for the probability density function which
characterizes the stochastic spraying process. In what
follows we will expose our findings in that direction.

2. Probability Density Function

Our numerous droplet sizing measurements in the
kilohertz region led us to the conviction that good
fittings of experimentally deduced graphs could be
achieved with a function

f (d) = adne−bd . (1)

Here, the three parameters a, b, and n could be so ad-
justed that f (d) firmly follows the measured number
of droplets in a narrow interval about the given value
of the diameter d. As a matter of fact, we found that
the choice n = 3 matches very well the original Drews’



490 D. Šarkovic and V. Babovic · On the Statistics of Ultrasonically Produced Water Droplets

Fig. 1. Shape of nor-
malized probability
density function.

histograms, and ours too. By putting the normalization
condition on the density function, i. e. demanding

∞∫
0

f (d)dd = 1, (2)

we can straightforwardly obtain a connection between
a and b of the type

a =
b4

6
. (3)

The mean diameter d̄ may now be defined in the usual
way via the density function

d̄ =
∞∫

0

d f (d)dd. (4)

Once again the integral can be evaluated in a closed
form, and we get another condition of the form

d̄ =
24a
b5 . (5)

If one prefers to use the most probable value d m ≡D in
the distribution, instead of the mean d̄, the annulment
of the first derivative gives bD = 3, from which follows
the simple relation

D =
3
4

d̄. (6)

At least in principle, D and d̄ are the measurable quan-
tities. One has to decide which of the two is to be
chosen as an experimentally verified parameter. The
possibilities are: 1.) a = 128/(3d̄4) and b = 4/d̄ or
2.) a = 27/(2D4) and b = 3/D. Having (1) in mind we
have proved that the probability density has the form

f (d) =
128

3d̄4
d3 exp

(
−4

d

d̄

)
. (7)

The expression derived via the parameter D reads

f (d) =
27

2D4 d3 exp

(
−3

d
D

)
. (8)

With x = d/D we obtain the dimensionless probability
density function

p(x) = D f (Dx) =
27
2

x3e−3x, (9)

which satisfies the physical condition p(x)dx =
f (d)dd. Figure 1 shows the shape of this function.

The maximum height of this curve, located at x = 1,
i. e. at d = D, amounts to 27/(2e3) ≈ 0.672. Half of
this height is reached at x1 = 0.465 and x2 = 1.842, so
∆x = x2 − x1 = 1.377. The corresponding interval of
diameters amounts ∆d = d2 −d1 = 1.377D or

∆d ≈ d̄, (10)

in view of the fact that 4D = 3d̄.
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Fig. 2. Most probable water droplet size as a function of frequency; a log-log plot.

3. Frequency-dependent Probability Density
Function

We shall now try to formulate a probability density
function which explicitly depends on the driving fre-
quency f . As we have already stressed, according to
the idea that a droplet originates when an amount of
liquid tears away from some crest in the (large am-
plitude) surface capillary wave field, one could expect
in this stochastic process a dependence of the form
D = C−1λk( f ). The wavelength follows from the well-
known dispersion equation of these waves:

λk( f ) = 2 3
√

π 3

√
γ

ρ f 2 . (11)

Here γ stands for the coefficient of surface tension of a
given liquid and ρ for its mass density.

We will accept Drews’ recommendation C = 4
which gives

D = d0F−2/3, (12)

with the abbreviations f0 = 1 kHz and d0 =
0.5π1/3[γ/(ρ f 2

0 )]1/3, wherein F is the frequency ex-
pressed in kilohertzes. For water, the above formu-
lae could additionally be simplified by putting γ =
0.073 N/m, as well as ρ = 1000 kg/m3. In this way we

obtain the water normalizing parameter d0 = 300 µm.
Under these circumstances, one may use the following
simple and practical formula for water as working fluid

D � 300F−2/3. (13)

Here, the mean diameter is expressed in microns. This
result is graphically presented in Fig. 2, using a log-log
scaling.

Ultrasonically produced water aerosol clouds con-
tain a dominant group of droplets with diameters cen-
tered around 25 µm if the driving frequency is 40 kHz.

Having in mind (12), the distribution (9) can be put
into the form

p(t,F) =
27
2

t3F2e−3tF2/3
, (14)

where t = d/d0 is the new normalized variable.

4. Relation to Generalized Incomplete Gamma
Function

We shall now demonstrate that the probability den-
sity function we introduced in (9) can be related with
the generalized incomplete Gamma function usually
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Fig. 3. Normalized cumu-
lative distribution func-
tion.

defined as [7]

Γ (a,z0,z1) =
z1∫

z0

ta−1e−td t. (15)

Really, let us attach to the set of parameters values a =
4, z0 = 0 and z1 = 3x. Then the function

p(x) = A
dΓ (4,0,3x)

dx
(16)

exactly matches the expression (9) if we put A = 0.16,
i. e. the first derivative Γ ′(4,0,3x) is proportional to
our probability density function. Taking into account
that the probability density function itself is the first
derivative of a cumulative distribution function, we
conclude that the latter is defined as

P(x) = AΓ (4,0,3x). (17)

Figure 3 shows this function in the relevant domain;
P(x) monotonically grows, practically reaching its sat-
uration level at x ∼ 5, i.e. for a droplet diameter not
greater than several most probable diameters.

Nearly 80% of all droplets in a cloud have diameters
not greater than 2D; thus, for aerosols produced with a
40 kHz ultrasonic atomizer this theoretical model pre-
dicts d80% < 50 µm.

5. Comments and Conclusion

Our theoretical model of the droplet size distribu-
tion in the core of an aerosol produced by an ultra-

sonic atomizer working in a frequency region up to
200 kHz leads to (16) for probability density function
and (17) for cumulative distribution function. Primar-
ily, this formulas are designed to be convenient for wa-
ter aerosols under room conditions. Nevertheless, we
believe the expressions are valuable for other liquids
too, unless their viscosity coefficientes could not be
meant as sufficiently small. The physical properties of
a liquid (density and surface tension) enter the prob-
ability function via the theoretical-experimental bind-
ing of the type (11). Corresponding functions, here not
explicitly written down, can be straightforwardly ob-
tained.

One important effect, which could seriously affect
the process of droplet emission from capillary wave
peaks, is the amplitude of vertical liquid oscillations.
Our attention was concentrated on relatively small am-
plitudes not considerably exceeding a starting point for
emission. As Drews’ reports, these are of several mi-
crons (more precisely, he mentioned in [4] 3 µm), and
in good agreement with our observations. We thus re-
strict our theoretical results to a near-to-threshold do-
main of amplitudes. Our experiments have been usu-
ally performed keeping the efficiency of spraying un-
der a modest level of 5 cm3/min.

We believe the results here presented may be useful
for people who are doing experiments, under the re-
strictions stressed, as an auxiliary tool when planning
experiments, performing measurements and evaluating
effects of spraying. What is more convenient, the math-
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ematics needed in treating the distribution functions
well-defined and already regularly included in contem-

porary software packages, what could facilitate manip-
ulations in performing a given project.
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